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FOREWORD

This report was prepared by Cornell Aeronautical Laboratory, Inc.,
Buffalo, New York under USAF Contract No. AF 33(615)-67-C-1144, Project
No. 651.E., The work was administered under the direction of the Air Force
Aero Propulsion Laboratory, Research and Technology Division, Mr. Harold

F. Chambers, Jr., Contract Monitor.

This is the project final technical report that describes and summarizes
studies conducted during the period from April 1967 through September 1967
on analog and digital data reduction techniques for heat transfer measurements
made with thin-film resistance thermometers. A draft of this report, iden-
tified by the contractor as Report No. AE-2385-Y-2, was submitted on

1 October 1967.

This effort was performed jointly by the Hypersonic Facilities Depart-
ment, the Computer Services Department, and the Avionics Department of
Cornell Aeronautical Laboratory (CAL). Acknowledgement is made of the
major technical contributions of the following individuals: V. V. Abrahamian,
analog computer (COMCOR) studies, W. D. Fryer, analog computer studies
and digital program development, D. H. Bock, P. F. Heggs, and S. A. R. Ayyar,
analog circuit development.

Publication of this report does not constitute Air Force approval of the
report's findings or conclusions. It is published only for the exchange and
stimulation of ideas.
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ABSTRACT

An account is presented of experimental studies of techniques of data
reduction required to convert measurements obtained with thin-film resistance
thermometers to incident heating rates. Emphasis is on development of
practical data reduction techniques accommodating nonspecific gage surface
temperature histories as well as temperature excursions sufficiently large
to necessitate correction for variable thermal properties of the gage.

Analog computer solutions were obtained for a range of surface tempera-
ture functions representative of phenomena observed in actual shock tunnel
operations. The mathematical formulation used in the analog studies was
adapted to the development of an economical and general digital data reduction
program. A description is given of the operation and design details of a
compensated analog circuit which operates directly on the electrical output
of the thin-film gage to provide an output signal proportional to the true
heating rate.
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SECTION I

INTRODUCTION

The thin-film resistance thermometer, comprised of a platinum alloy
element on a Pyrex substrate, has been used extensively for measurements
of heat transfer in short-duration hypersonic test facilities because of its
simplicity of principle and construction as well as very rapid response. Since
the output signal from the gage is a measure of the substrate surface tempera-
ture rise, rather than the incident heat transfer rate, signal processing is
required to obtain the desired parameter. By application of classical solid
conduction theory, surface temperature-time data may be transformed into
the incident heat flux provided the electrical and the thermal properties of
the gage are known,

For modest heating rates that result in a substrate surface temperature
increase of the order of 100°F or less during the test period, the electrical
characteristic of the thermometer may be taken as a linear function of tempera-
ture and the substrate thermal properties assumed invariant. For these
particular circumstances, both analog and digital techniques for data reduction
have long been available! ¥ since a closed form mathematical solution to the
problem exists. On the other hand, for substrate surface temperature excur-
sions up to 1000°F, the upper practical limit of tae thin-film gage, the elec-
trical characteristic of the resistance thermometer is highly nonlinear and
the temperature variation of the substrate thermal properties results in a
nonlinear form of the heat diffusion equation for which no closed form mathe-
matical solution exists, Data reduction techniques in this regime (high heating
rates) are not as well defined.

This report discusses studies directed toward the formulation of digital
and analog techniques for the conversion of thin-film resistance thermometer
data to heat transfer rate with emphasis on high heating rates and nonconstant
heat flux conditions. Specifically, the program consisted of three distinct
efforts: (1) analog computer solutions of a variety of temperature histories
which included the study of such factors as noise, tunnel starting phenomena,
and gage abrasion; (2) development of a practical digital computer program
for data reduction for nonspecific temperature histories (and amplitudes); and,
finally, (3) formulation of a small, compact electronic analog circuit suitable
for general data conversion applications.

The technology related to the fabrication and application of the thin-
film heat transfer gage has been presented in an earlier interim project
report3. Consequently only a brief mention is made in the next section of the
underlying principles of the gage. These comments are then followed by a
short discussion of the electrical and thermal characteristics of the gage
together with numerical data. The three parts of the program are then pre-
sented and the report is concluded with a summary.

* :
Superscripts denote references.
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SECTION II

SURFACE THERMOMETRY AND DATA REDUCTION

The thin-film heat transfer gage is a device that provides a measure- .
ment of the surface temperature of a substrate which is characterized as semi-
infinite, homogeneous, and isotropic. By application of classical solid con-
duction theoryI+4, surface temperature-time data may be transformed into
the incident heat transfer rate when the substrate thermal properties are
known. To achieve a very rapid response of the sensor, and to simplify the
data reduction procedures, the thickness of the thin-film resistance thermom-
eter is made sufficiently small that its presence on the substrate has a
negligible effect on the substrate surface temperature. The characteristic
diffusion time for a metallic film about four microinches thick is approxi-
mately a microsecond; hence for practical purposes, the film senses the
instantaneous substrate surface temperature.

An insulator material, in both a thermal and electrical sense, is used
as the substrate, functioning mechanically as a support for the resistance
film and thermally as a heat sink. Sensitivity in the measurement of very low
heat transfer rates is enhanced by the use of a substrate with poor thermal
conductivity. For practical shock tunnel applications, #7740 Pyrex is used
widely as a gage substrate so that even in small thicknesses (say 0.04 to 0. 06
inch) it represents a semi-infinite heat sink because of the small depth of heat
penetration.

The transient one-dimensional heat conduction problem for a semi-
infinite slab of material with heat flux normal to the surface is illustrated by
the following sketch.

GAGE q = heat transfer rate
SUBSTRATE k = thermal conductivity
. © = density
i % : *; P, c c = specific heat
T = temperature
= t = time

b 4
s F(=, &) )

For conditions of constant substrate properties, the thermal diffusion
equation is

IT(x,t) A IT(x,t)

= 1
ot oc ax? 8,
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with boundary conditions
T(x,0)=0 220

y’(o,t): - %‘;ﬁ ) € >0

T(X,f): O, X—w00, t>0

One form of solution to Eq. (1), the derivation of which is given in
detail in the literature on thin-film gages!, is given below

) z & ey
?(a,t):-zf/”:c") [r(t)+;’/ AT 7 (t)-¢ r(n.)dﬂ 2

(t-A) %

where T(t) is the substrate surface temperature and A is a dummy variable
of integration. This form of the equation is readily adaptable for evaluation
by a digital computer. For the special situation when the incident heat trans-
fer rate is constant, Eq. (2) reduces to the following form.

(roct )t 7(¢)
2¢% (3)

¢ (o0,¢)=

The increase in surface temperature occurs in proportion to the square root
of time and the recorded gage output signals consequently are of parabolic
form.

A parabolic surface-temperature function has been assumed in formu-
lating Eq. (2). As the temperature ‘unction deviates from this form, results
obtained from Eq. (2) become increasingly less accurate. A perfectly general
expression, which does not involve initial assumptions about the form of the
temperature function, is given in Ref. 4.

9'/t)-_zzpcx)'i Hi' T(e)- T, ] T 3T
. | mk

i s % 4
(=1 (t”-til) * +(tﬂ-t¢'-1) (tﬂ— tn_{) ( )

In deriving Eq. (4) however, the temperature function is approximated by a
piecewise linear function so that the accuracy of the result obtained is only
limited by the degree to which the actual function is approximated by this
means. Accuracy is improved therefore by choosing n sufficiently large to
insure a satisfactory approximation to the true temperature function. Equation
(4) is also easily programmed for digital computer calculations.

On the other hand, analog techniques have been developed for data
reduction by taking advantage of the fact that differential equations which
describe the one-dimensional heat flux into a semi-infinite solid are identical
with those that apply to the current flow in a distributed resistance-capacitance
line. A variety of simple, passive analog circuits, which operate in real
time, have been developed for converting thin-film heat transfer gage signals
directly into signals proportional to heat flux. One particular type, described
in Ref, 2, has been used extensively at CAL. Except for the need to match
the frequency range of the analog circuit to the Fourier frequency components

3
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of the temperature function, there are no assumptions or restrictions concern-
ing the nature of the temperature function.

For test conditions at which the substrate thermal properties cannot be
taken as constant, Eq. (1) must be recast in the following form

T _ O ar
pelr) 4T < 2 [4r) 2T ] (5)

which has no closed form analytical solution. Numerical techniques may be
used to evaluate Eq. (5) in terms of the incident heat flux §(t) which produces
the measured surface temperature T(t). The specific method which was used
on this project to obtain both the analog computer and the digital computer
solutions to Eq. (5) is described in detail in sections IV and V of this report.

Hartunian and Varw_irg5 have solved Eq. (5) by making use of a trans-
formed variable, @ = / kdT and linearized forms for the transformed
-]

variable and the thermal diffusivity. In essence, a transformed surface
temperature is obtained which when used with the linear digital and analog
data reduction techniques described above will yield the true incident heat
flux. A detailed account of this procedure, which was used in computing
design information for the electronic analog circuit, is included in Appendix C
of this report.

Finally, note should be made of the work of Schmitz6 in the development
of a nonlinear analog network to directly compensate for the changes in sub-
strate properties. The circuit proved to be too complex for practical use and
was further restricted by an ability to compensate for changes in but one of
the substrate parameters (specific heat).

The purpose of the preceding discussion has becvn to describe, in general
terms, the various methods used in the computation of heat flux from thin-
film heat transfer gage measurements of surface temperatures. It is apparent
that preceding this investigation relatively little emphasis has been placed on
solutions to the nonlinear heat diffusion equation (Eq. 5). This ccnsideration
led to the present study of economical methods of analog and digital data
reduction for the nonlinear heat conduction situation.
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SECTION III

ELECTRICAL AND THERMAL CHARACTERISTICS OF THE
THIN-FILM RESISTANCE THERMOMETER

Two distinct operations must be performed on the output signal of the
thin-film resistance thermometer; first, a correction must be made for the
nonlinear resistance-temperature function of the resistance element (to convert
the measured surface temperature to a true surface temperature) and second,
the variation of the gage thermal parameters with temperature must be accom-
modated in the data analysis,

Measurements of the electrical and thermal characteristics of the thin-
film resistance thermometer in the range from room temperature of 1000°F
have been made at CAL7, These tests were performed on gages which used
Hanovia Bright Platinum 05-X solution for the resistance thermometer and
#7740 Pyrex as the substrate.

The resistance-temperature characteristic of the film is the quadratic
function

-4 2
AR = (r-70) -1.295 x10 "(1-70)" = T,, (6)
70
AR = change in gage resistance
K79 = slope of the resistance function (dR/dT) at 70°F
T = actual temperature "
proce = measured gage temperature change

Table I provides a quantitative tabulation of the magnitude of the correction

required to the temperature change as measured by the gage. Corrections are
of the order of +15% at 1000 °F,

The temperature variation of the substrate thermal properties was
determined by an electrical pulsing technique® that provided a constant flux
into the resistance thermometer. Using Eq. (3), the value of ( o ck) as a
function of temperature was obtained. However, as shown in Eq. (5), the
parameters required are o c(T) and k(T) rather than ( ock) (T). Handbook
data for o c(T) for #7740 Pyrex were used and k(T) was computed from the
experimental data**, Table II lists the values for o c and k that were exclu-
sively employed in all of the studies included in this report.

Measured gage temperature change is that obtained by assuming a linear
resistance change with temperature and using K70 as the slope of the function.
K%k

Whereas published data for 0 c(T) are in excellent agreement, wide disagree-
ment exists on measurements of k(T) (see Ref. 9, for example).




SECTION IV
ANALOG COMPUTER STUDIES

l. OBJECTIVES

Analog computers are uniquely appropriate to the solution of partial
differential equations and offer advantages of economy and flexibility especially
when the effects of variations in parameters are to be explored. Accordingly,
a limited analog computer study was conducted at CAL several years ago using
the computing equipment available at that time*. The purpose of that study
was to ascertain the magnitudes of the corrections required to measure heat-
ing rates as the result of substrate property changes with temperature.
Accuracy limitations of the analog equipment precluded any extensive
investigations.

With improved analog computer hardware now available at CAL, it was
believed the project objectives aimed at developing performance criteria for
computer programs and analog network designs for conditions of nonconstant
heating rates could be furthered by solving the nonlinear, one-dimensional
heat diffusion equation on these facilities. A variety of temperature histories
would be used as inputs to which would be added such modifying factors as
tunnel starting phenomena, random noise, and sinusoidal modulation. In all
cases the interest was in the influence of those disturbances on the heat flux
history. Input variables were limited to a real life test time of 0.010 second
and a maximum temperature change of 1000 °F.

2, GENERAL MATHEMATICAL FORMULATION

The nonlinear diffusion equation for one-dimensional heat conduction in
a homogeneous and isotropic slab of material of thickness /£ is given below.

oT |

ot ,oc(r) Jx (* (} ) (7)
temperature
time

depth into slab (measured normal to surface)
density of slab

specific heat of slab

thermal conductivity of slab

wenonononon

O™ KTt

Assumed boundary conditions are as follows:

T = T (x,t)

T (0,t) = T (t) (forcing function)
T (0,0) = 70°F  (assumed initial
T (£, t)z 70°F temperature)

*
The results of this effort have not been published.




The last relation above indicates that the slab is sufficiently thick (semi-
infinite) that the rear surface temperature remains constant for the duration
of the test event.

For computational purposes, Ey. (7) is recast into a different but
equivalent form. If we let § represent the heating rate (in general 4 = q (x,t) ),

then by definition
_ AT

Sy (8)

By substitution, Eq. (9) is obtained”.
oT _ 1 OF
ox  pC JZ (9)

This partial differential equation may be approximated with a finite set
of ordinary differential equations developed by quantizing the space variable,
%, into n + 2 values: x,, X|, ... X, X, + 1. The front surface of the slab
would be denoted by x, and the rear surface by x, + | while x}, x2, ... xn
would correspond to spatial locations within the slab at which T and q are not
known (not specified by boundary conditions).

To illustrate the concept used in formulating the set of approximate
equations, consider first the case of using a uniform spacing in the slab depth
x. Let x take the values o, h, 2h, 3h, ... (n + 1)h with n odd and, as a matter
of choice, let the value of § be calculated at the odd multiples of h and T values
be calculated at even values of h. The figure below illustrates this concept.

?3 ?5 97 ?.7 ..... ?"

—th 't

-

g_x
1>

L 'l 'l
L v v L

F 3
L 3

r \g

To Tz 7* T‘ T’ * o o= LI 1;'*1

! To and Tn are specified boundary conditions

+1
Thus the equation

Tl [%’(T) :7—7:],,:1’

may be approximated as

3’1--ﬁ’ 2h

%%k
where kl = k(Tl) .

s This substitution has made use of the linear form of Eq. (7).
**k must be evaluated in terms of T, and T, since T values are not defined
for an odd subscript. In actual practice k, was taken as the value of k at

To + T2

2
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b e L ma - T T ; x




The companion equation for T

#]....- 4 4
It X=X, pc % XeX,

may be approximated analogously as

d_TE R 3:3'?.1)
at ©C, 2h

where T2 = T2 (t¢) =T (xz.t)
pc, PCﬁﬂx=x2= ©c(T,)

By this procedure, the following set of equations is generated.

T -T

n+d -1
) = - _ = 10
Fn = %, a0 , W=1,8,5 (10a)
dT. ' -,
_2 - / 9)74-/ b ] /, 2=2, 4,6 (10b)
dt oc, 2h

Thus with T, and Ty, + | known and T3, T4 ... T, . | the unknown dependent

variables (with the ''q's" algebraically related), Eq. (10a) and (10b) represent

simultaneous differential equations. These equations are

2
quadratically correct in the sense that if (for a fixed t) T (x,t) varies at most
quadratically in x, Eq. (10b) is exact. Equation (10a) and (10b) may be regarded
as the results obtained when correction terms proportional to h?, h™, etc. are
dropped (the validity of this procedure is dependent on h being made sufficiently
small).

a set of

The result desired from the solution of Eq. (10a) and (10b) is the surface
heat transfer rate, q, = q (0,t) whereas the direct results obtained provide
41, 43, etc. at iuterior planes. If h is small, the assumption may be made
that q; = q . An appreciable increase in accuracy is easily achieved however

Q : :
by appropriate extrapolation to the surface heating rate.

An analysis of the errors can be made by assuming q; = q,. Taking
the linear diffusion equation, the following well-known relation is obtained as

a solution.

e
Frt
. Kt 2 z x
t)=g — | = - = er
T(2t) =4, & Lz e Fes orie zm] (11)
K = thermal diffusivity = k/ pc
8




Differentiating Eq. (11) yields the following relation for the temperature
gradient and hence heating rate!V.

dT(%,t’) NG e 72 x
k=g = §x,t)= g, orfe o | (12)

At a fixed t, Eq. (12) is nearly linear in x for small values of x.

. 4 3
?(z,t)=9o{/-7{%+o(x )} (13)
Thus a linear extrapolation formula is reasonable for the case of the linear
diffusion equation and by inference for the nonlinear case as well since the
thermal substrate properties are smoothly changing functions of T. A much
better estimate than ql by itself is obtained by use of Eq. (14).

. 3¢, -
o= 2L—ts (14)

While Eq. (10a) and (10b) are conceptually simple, the use of uniform
spacing in x over the entire thickness of the slab is not practical. To achieve
accuracy, the spacing h would have to be very small so that the temperature
variation over h is also small. Since most of the temperature variation occurs
very near the front surfdce (in materials of relatively low thermal diffusivity
like Pyrex), a value of h of the order of 5 microinches would be implied.

Thus, for slabs fulfilling semi-infinite depth requirements in shock tunnel
applications, several thousand differential equations would be required. Of
this large total, relatively few would have physical significance.

Two equally logical modifications are available to avoid the problems
associated with a uniform spacing in x. One approach is to use nonuniform
x spacing (requiring replacement of Eq. (10a) and (10b) with more complicated
expressions) while the other involves a change of variable, e.g., x = 7 z“ or
x = 723, etc. with uniform spacing in the new variable. The latter approach
was considered most expedient and therefore adopted.

3. SPECIFIC DETAILS OF ANALOG SIMULATION

The earlier (unreported) analog computer studies had made use of the
transformation x = 2 z° ( 7 = constant) which was chosen somewhat arbitrarily.
A review was made accordingly at this time to determine the appropriateness
of this transformation.

As stated previously, near the front surface of the slab (which is the
region of most significance), g is nearly linear in x so that it would be cubic
inz (q ~ay tajx~a, t+tajz’). The simpler forms of difference equations,
analogous to Eq. (10a), however are not accurate for cubic terms but only
accurate for terms through quadratic. For this reason the cubic transformation
is not mathematically sound and, in effect, over-emphasizes the distortion in
the space coordinate. This effect has also more than mathematical implica-
tions. Rather severe scale factor and accuracy problems are encountered
in analog computer implementation. In effect, very small voltages are formed
by the difference in two large (nearly equal) voltages. These low signal levels




also result in unfavorable signal-to-noise ratios. Consequently, a trans-
formation nearly linear for small x, and at most quadratic, is desirable.

The x = 7 zZ (7 =2.5x 10'6) transformation was chosen for analog
computation and very satisfactory locations of internal planes were thereby
achieved. High resolution near the surface was realized simultaneously with
adequate coverage of the deeper internal regions. Furthermore, the trans-
formation satisfies the '"quadratic'' requirement of simple difference approxi-
mations to derivatives, Locations and designations of the planes defined by
this transformation are tabulated below.

Temperature and Heating Rate Plane
Locations in Actual and Transformed Spatial Coordinates

Plane
X z T = temperature
microfeet microfeet ¢ = heating rate
0 0 T ’ 'q
2.5 1 a, e
10.0 2 T2
22.5 3 4
40.0 4 T4
62.5 5 4
90.0 6 T¢
122.5 7 a,
160.0 8 T8
202.5 9 CH
250.0 10 TlO
360. 0 12 a,,
490.0 14 T14
902.5 19 a4
1440.0 24 T24

Regardless of the change in variable, it is recognized that extrapolation
to heat transfer rate at the surface, q,, must be based on linearity in x, not
linearity in the artificial variable z. Thus

x = 2.5x 10-6 z2 feet = 2.5 z2 microfeet

so that computer implementation produced voltages corresponding to

4 (evaluated at z = 1) q (evaluated at x = 2. 5)

9

and

q3 = q (evaluated at z = 3) q (evaluated at x = 22. 5).

%
Thus to obtain qo (x =0, z=0), the correct relationship is

*Note that the value of q) is evaluated at a point physically 9 times closer to
the surface than is q3, hence the 9:1 relative weighting.

10
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A listing of the set of linear difference equations and the ordinary differential
equations actually used is given below. A tabulation of the values used for
k(T) and o c(T) is shown in Table 1.

Difference Equations for q*

éo - '/8 (9?1 ’3)
L ~To = &, (T, -T,)

# 27 3 2 10 x 107
‘ kg TpT,
L TN 2 ) -30“064’3@ 2)

ks T,-Ty /
s 27 35 2 T s0xi0¢ ks (T - T4)
; -k, Tg-T, ) /
1.7 27, 2 " Joxi0© Ry (Tg = T2)
. _ -k Tio-Ty 3 /
b9 ™ 274, 2 R — #o (Tyg = Tp)
: A2 T -Tho _ !
LEET P 4 T 240x 107 12 Tig~ o)
. _ -*a Taa-Twk = 4
7'19 - 23‘}/? 10 - 750x ,0'6 ‘9 24‘ ‘f‘>

fe (T,) +# (T,) A(T,) +#(T,) * (Tp) +#(T,p)
'4/ = 2 ’ *3 = 2 7'--- 19 = 2 !

*See Eq. (10a).
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Differential Equations for T
T, the input function
Ay @ 1 %3 % _ 100 $s-%y '
dT C, 273, 2 2 c,
a7, .« . ®%-% _ 100 $s5 - ¢3
ar C,f, 273, 2 2 Cy
9T« 1 ¥r°%5 _ _joo $1°%s H
dT T C, 273, 2 6 ¢,
9T @ 1 $9-%7 _ 100 F9-%7
dT Cg 27§g 2 g Cg .
9T _ & {og?/z‘?9+0299‘?7f__/00 {'0??/2‘?9
dT €0 27 %0 3 ' 2 5 ' 3 |
. . |
Pe - v }
-+ s —_—
e |
{
| Ty a1 Hie-¥ 20 H9-Fs

70 by hypothesis
pc _a
aT; =10 ~ (change from real time to computer time)

24

TaA

oo

4. TEST PROGRAM AND RESULTS

A total of 46 test runs was made during the program. In general, the
input temperature rise** was permitted to reach a maximum value of 1000°F
in 10 msec to explore the full effects of the variation in substrate thermal

*
| See Eq. (10b).

**It was not considered important to the results of this study that the correc-
tion of nonlinearity of the resistance characteristic of the thermometer be
included in the program. Accordingly, the input temperature to the analog
computer was taken as the actual (or true) surface temperature.

12
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properties. Except in special situations where the ease of discerning the
effects of changes in the input function would have been compromised, each
set of test conditions was used to generate two heat transfer rate histories:
one with the substrate properties constant and the other with the properties
variable with temperature.

Data were recorded on a single channel x-y plotter and comprised the
temperature input signal and the corresponding heating rate. The resultant
plots are shown labeled as Run #! through Run #46 and are included as part
of Appendix A. Each record includes a brief tabulation of the test conditions
imposed. To an extent, these records are self-explanatory; however, pertin-
et dntails, comments, and observations applicable to each record are included

Ann.ondix A,

These records quantitatively demonstrate the effects of such factors as
variable substrate properties, electronic filtering, noise (random and sinu-
soidal), simulated tunnel starting phenomena, and gage abrasion on the derived
heat transfer rate. Basically the fundamental input has been a parabolic
function with lesser emphasis given to ramp and step-type inputs as well.

For large incremental temperature changes, neglect of the temperature
dependent thermal properties of the substrate (#7740 Pyrex) results in heat
transfer rates that are too low by as much as 15%. Tunnel starting phenomena
that are of an impulsive nature (very short in time extent) cause only a tran-
sient disturbance in the heating rate and the disturbance dies out very rapidly.
Other phenomena, as exemplified by gage abrasion, that result in step-type
inputs (that is of long time duration)*® also result in a large transient distur-
bance in heating rate. This type disturbance however decays as t-1/2 and
hence has a long persistence and results in erroneous data if the q attributable
to this type input is indeed spurious and not desired in the final result. Elec-
tronic filtering of the temperature signal, often employed in practice, is very
effective in reducing excessive amplitude excursions in q resulting from noise
and step disturbances in the temperature signal. Filtering however is not at
all effective in suppressing the long term (t'l/z) contributions of step inputs to
the net q. The relative effect of step inputs on q depends on the relative
amplitudes of the fundamental signal (say a parabola) and the spurious (assumed)
step. For approximately equal amplitudes, the q component corresponding to
the step signal maybe as much as a factor of 2 larger than the component of g !
corresponding to the parabola (see Run #34).

The results of these analog studies highlight the dichotomy of the problem
of heat transfer data reduction. First is the necessity of correctly trans-
lating the temperature data into heat flux data and second is the extraction of
the desired component of the resultant heat flux which may be a composite of
two or more components.

*Despite the fact that the impact of a particle on a gage is a transient of very
brief duration in a physical sense, the electrical effect is of long duration
since a step-type increase in gage signal occurs and persists throughout the
test event.
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In the situation where gage abrasion exists, it is obvious that the gage
output signal does not represent the surface temperature history since the
signal, in part, represents resistance changes caused by mechanical effects
rather than thermal effects. Thus erroneous heat flux data may be obtained
despite the fact that the data reduction procedures have been properly executed.
As illustrated by the data of Appendix A, the t~ 1/2 decay characteristic of the
heat flux corresponding to a step temperature change ensures the fact that this
spurious signal will persist throughout the length of the typical shock tunnel
test. Where serious abrasion exists, the only recourse is to record the gage
output signal and to reconstruct the actual temperature signal by subtracting
from the gage signal the components attributable to abrasion (these instances
are usually manifested as sharp, vertical discontinuities in the signal). The
reconstructed temperature signal is then used in computing the heat transfer
rate.

Whereas the effects of abrasion are well understood, the extent to which
heat flux data, as computed for the steady flow portion of the test, reflect
effects possibly associated with tunnel starting phenomena is not well known.
If these effects are of an impulsive character, their disturbance of the heat
flux signal will be a short-lived transient of small concern. On the other hand,
should the flow be such to create a sharp increase in gage temperature which
then is subsequently further increased relative to that level in response to the
subsequent steady flow heat flux, then heat flux record interpretation would be
a problem (see Run #15, Appendix A). It would be a problem in the sense that
although the computed heat flux would in fact be that actually experienced by
the gage (or model), only that part of the heat flux (and surface temperature
rise) resulting from the steady flow portion of the test is really being sought.

The seriousness of the problems cited above is directly related to the
relative magnitudes of the spurious effects compared with the steady state
phenomena being measured. There is a body of experimental data which
suggests that for some types of test conditions, measured heat flux data may
be drastically affected by some unexplained circumstance. In such situations
heating rates are ‘much higher than expected and have a characteristic time
function that suggests that tunnel starting conditions are involved. Additional
studies are needed to resolve these particular problems.

14
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SECTION V

DEVELOPMENT OF A DIGITAL COMPUTER PROGRAM

{2 OBJECTIVES

The object of this portion of the project was to develop an economically
practical digital computer program for solving the nonlinear heat conduction
problem. Specifically, the program was to be designed for the routine con-
version of the data measured with thin-film resistance thermometers into
heating rates. A perfectly flexible program was desired that would combine
a short running time, freedom from any restrictions on the functional form of
the input data (gage surface temperature histories), and a high accuracy.

Output data from this program were also to serve as the standard for evaluation
of the operational performance of the compensated analog network (see Section
VI).

A further requirement of the project was the placing of the digital data
reduction program on an operational basis on the IBM 7094 system at WPAFB.
The CAL Computing Center currently employs an IBM System 360/65 Model
H and the program was initially written for, and evaluated on, this particular
system.

2. MATHEMATICAL BASIS

Based on the successful experiences with the methods employed in solving
the nonlinear diffusion equation on the analog computer, it was decided to adapt
the identical methematical approach to the development of a digital program
for data reduction. Advantage was taken of certain unique capabilities of a
digital computer to improve the accuracy of the computed data. Because of
the fact that an appreciable amount of the mathematics parallels that of Section
IV-2 and since the specific details are included in Appendix B, this discussion
will be very general and will emphasize the unique aspects of the digital formu-
lation as contrasted to the analog formulation.

As in the analog computer application, the substrate was divided into a
series of slabs by planes oriented parallel to the surface plane. If we desig-
nate the surface as the zero plane, then again the even-numbered planes
(including zero) represent the temperature planes while the intermediate (odd-
numbered planes) represent the heat flow planes. A set of equations may then
be written for each of these planes; heat flow being expressed in terms of a
first order difference formula in temperature (Eq. 10a) and the time derivative
of temperature as a first order difference formula in heat flow (Eq. 10b). A
simple Runge-Kutta integration scheme was adopted to solve this set of
equations since in the present circumstance the time variable must be quantized
in addition to the spatial coordinate x (depth into the substrate).

Whereas the required nonlinear spacing of the planes followed a quadratic
function (x = azZ) in the analog studies, considerably more freedom in select-
ing the transformation tfunction was now possible. Accordingly a polynomial

transformation (x = a z + azz2 + a3z3) was employed together with a larger

1
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total number of planes (twenty temperature planes compared with eight in the
analog program). The accuracy of the program improves with an increasing
number of planes. Attention is called to the selection of the exact form of the
transformation which is purely arbitrary. Despite the arbitrariness entering
this selection, the essential facts are that the desired linearity of spacing
near the surface (see Section IV-3) is achieved and yet the entire significant
depth of the slab is covered with a reasonably small number of planes.

A change of time variable was also introduced to avoid a singularity
near the substrate surface. This singularity is associated with the necessity
to evaluate the time derivative of temperature (Eq. 10b) which goes to infinity
at time equal zero for a parabolic temperature history. A transformation of
the formt =7 (1 - e®% ) was made sothatt ~ #7?% for small values of

AT and t ~ T for large 87

The digital program also includes a routine for correcting the gage
measured temperature to actual surface temperature (Eq. 6).

A more detailed description of the digital program formulation is given
in Appendix B together with a listing of the program in Fortran IV language.

3. RESULTS

Proper operation of the digital computer program was ascertained by
the use of input data functions whose solutions could be hand calculated with
ease and accuracy. Thus surface temperature histories of parabolic form
were employed since these correspond to a constant level of incident heat
flux if the gage properties are held constant. Adequacy of the planar spacing
and the stability of the computer program is easily verified by this process.
In computation techniques of this type where time and spatial parameters are
quantized, instability may result when the relative sizes of the increments
selected do not satisfy stability criteria.

When program operation had been properly verified, a series of para-
bolic temperature functions, of various amplitudes, was used as a trial
problem. Solutions were obtained both for the case of constant gage properties
and for the case of temperature dependent gage properties. Some of these
results are summarized in Table III which tabulates the surface heat flux data
for the two cases as a function of time. As in the analog studies, it is obvious
that most of the effects of changing properties are experienced in the first
few milliseconds since, for a parabolic function, the most rapid change in
temperature also occurs in that time interval. That the corrections may be
of significant proportions is illustrated below (data taken from Table III).

Uncorrected Corrected
Time Heat Flux Heat Flux
sec. Btu/ftésec Btu/ft“sec % Correction
. 005 200.0 222.07 11.0
.010 200.0 231.08 15.5
.005 400.0 484.57 21.1
.010 400.0 512. 74 28.2
. 005 600.0 777. 81 29. 6
.010 600.0 847.79 41.3
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The data reduction program, as presently constituted (see listing in
Appendix B), is designed to provide a high accuracy of computation by virtue
of the large number of temperature and heat flow planes that are employed.

As demoustrated by the analog computer studies, wherein less than one half

of this number of planes were successfully employed, a smaller number of
planes could be used if lesser 2ccuracy were desired in exchange for a shorter
computing time.

The computer program also has application to the general study of non-
linear heat conduction in materials since it evaluates the temperature history
and the heat flux history at many planes within the body of the material. In
its present form however, the only data prmted out are: surfacz temperature
in °F (the input) and surface heat flux in Btu/ft%sec (the output) for a period
of 10 msec at 0.05 msec intervals.

The computer program, in card deck form, has been delivered to
AFAPL and some identical preliminary trial problems have been run on both
the IBM 7094 system at WPAFB and the CAL IBM 360 Mocel 65 system at
CAL. A very small discrepancy in the first and second decimal positions of
the computed heating rate data has been noted between the two computers.

At the writing of this report the basis for this discrepancy has not been
positively identified although it is thought to be associated with lesser precision
of the CAL computer which uses fewer bits per word.

17
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SECTION VI
DEVELOPMENT OF A COMPENSATED ANALOG CIRCUIT
ls BACKGROUND AND OBJECTIVES

Desirable in most experimental endeavors, but especially important and
critical in hypersonic shock tunnel testing, is immediate access to the results
of measurements of the test parameter. Since the output signal of the thin-
film heat transfer gage is a surface temperature, the common practice in
earlier years involved manual tabulation of temperature-time data from an
oscilloscope photograph of the gage signal. These data were subsequently
transferred to punched cards and processed on a digital computer to obtain
the heat transfer rate. This procedure was very time consuming and uneconom-
ical. Despite the current availability of instrumentation capable of directly
converting the gage output signal into a computer compatible format, the time
interval between test and the availability of the test results is still often
unsatisfactory.

Because they provide a direct, on-the-spot conversion of the heat transfer
gage output signal into a signal proportional to heat flux, analog networks have
found a wide acceptance in shock tunnel testing. The principal drawback of the
simple, passive analog network is that it neither can compensate for the non-
linearity of the gage resistance-temperature function nor the effects of changing
substrate thermal propertjes. Despite development of several compensated
electronic analog circuits® 11, 12, Jittle practical use appears to have resulted.
Practice at CAL has been to employ the simple linear networks and (where
appropriate) to manually apply corrections to the measured heating rate. The
applicable corrections, derived from digital computer solutions for parabolic
type temperature histories, are applied as functions of time and measured
heat flux.

In these less than satisfactory circumstances, a need would seem to
exist for an economical, reliable and compact compensated analog network
that could be used in each thin-film thermometer channel to provide a direct
output of the true heat transfer rate. Development of a circuit design aimed
at achieving these objectives was therefore undertaken.

2, CORRECTION FUNCTIONS

As described in Section III, two distinct and separate operations are
needed on the output signal from a thin-film heat transfer gage if the true
heat flux is to be computed. These operations include the corrections for the
nonlinear resistance-temperature function of the resistance element as well
as the changes in substrate properties.

The functional form of the resistance nonlinearity is given in Eq. (6)
and, in tabular form, in Table I. A mathematical relationship, based on gage
output voltage and appropriate to circuit design considerations, is derived in
Appendix C ard given below.

_#. -
6,2 0.396 x10 " ~ 4 0.1#9x/0%-0.077/ x 10 uq /4, (15)
[~}
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6, = temperature rise, °F
Mg = gage voltage rise
(/90 = initial gage voltage

To derive a compensation function for the changes in substrate properties
with temperature, the mathematical techniques of Hartunian and Varwig> were
employed. A solution to the nonlinear diffusion equation is obtained as a trans-
forn.ed temperature rise expressed in terms of the true surface temperature
rise. The transformed temperature represents the temperature that would
have been experienced by the substrate had its properties remained constant.
Thus the availability of the transformed temperature permits the use of the
simple, stable, reliable passive analog network to obtain the true heat transfer
rate.

The expression for the transformed temperature, ¢, , based on the
thermal property data of Table II is derived in Appendix C.

@, = 6,[1+.0001882(5/9) 6, ] (16)

Equations (15) and (16) specify the operations required on the gage output
signal and form the basis for the design of the function generator of the elec-
tronic circuit,

3. CIRCUIT DESCRIPTION

The nonlinear operations (Eqs. 15 and 16) used to convert the gage out-
put signal to an analog of the transformed temperature may be combined into
a single function and hence accommodated by a single circuit. A diode-type
function generator was selected for this purpose and is shown as network No. 1
in Fig. 1 which is a schematic of the entire circuit. Figure 2 is a simplified
schematic diagram and will be useful in graphically illustrating the following 1
verbal description of the circuit operation.

In this schematic (Fig. 2) it is presumed that the gage signal rises from !
a zero level and that diodes are ideal conductors in the forward direction and
perfect open circuits in the reverse direction.  Voltage limits are also ignored.
A 30-milliampere current source produces a potential difference of 3 volts
across a 100-ohm gage at room temperature. With heat flux applied to the
gage, its resistance increases and the voltage at the input of amplifier I sweeps
positively reaching approximately +3 volts at a gage temperature of 1000°F
above room temperature. The amplifier output, five times as large as the
input, sweeps negatively by 15 volts and is applied to amplifier Il by R|. As
this voltage becomes increasingly negative, the diodes that are attached to the
voltage divider string at the output of amplifier I begin to conduct at intervals
of one volt and shunt R} with the resistors in series with their anodes. Current
flow through these resistances into the summing junction (J2) of the second
amplifier increases in a nonlinear fashion with the output voltage of amplifier I.
The output of amplifier II, proportional to this current, will vary nonlinearly
as shown in the inset graph in Fig. 2.

Series resistances in the diode network are selected to generate the

composite compensation function obtained by eliminating 6, between Eqgs. (15)
and (16) and expressing #, in terms of u? /U’ . Whereas it is possible to
o
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calculate exactly the various resistances needed for this purpose, minor
variations in diode properties require corrections of a few percent. There-
fore, it is realistic to calculate only the approximate values of the resistances
and adjust each resistor, one at a time, to fit the desired function precisely.
Adjustment is simplified when the diodes come into conduction at intervals of
more than one-half volt; however, the accuracy of curve fitting is poorer the
fewer the diodes. In the present application, a network of six diodes at one-
half volt intervals proved less satisfactory than one with fifteen diodes oper-
ating at one volt intervals. This latter network, schematically shown in Fig. 3,
required a larger voltage swing from the amplifier.

By actual trial, only thirteen biased diocdes were required to generate
the required compensation function since two of the diode series resistances
were determined to assume infinite values (i.e., the respective diodes need
to be open circuit). Bias voltage applied to the entire function generator is
adjustable by means of the trimming potentiometer shown in Fig. 3.

The diode function generator provides the proper compensation to gage
measured temperature changes, T,*, up to a maximum of 1000 °F which
temperature rise is taken to correspond to a 3-volt signal output from the heat
transfer gage. As a result of the 5X gain of amplifier I, the function generator
experiences a 15-volt signal in response to a 3-volt signal from the gage. In
the manner described earlier, the function generator augments the applied
signal in a nonlinear fashion with increasing signal amplitude. The input-
output relationship is qualitatively shown in the inset graph on Fig. 2.

Calibration of the function generator may be accomplished statically by
simulating the gage output signal (,a? ) in discrete steps in the range from 0
to 3 volts and measuring the output signal ¢, . The required functional
relationship between 45 and ¢, is given by Eqs. (15) and (16). A linear
time dependent signal (a ramp) may be used if a dynamic check is preferred.
In either case, the Mg = #, function will have the form shown in the inset
graph of Fig. 2.

The output voltage range of the amplifier should be as large as practically
possible to improve the accuracy of curve fitting and to improve the signal-to-
noise ratio. Analog computer amplifiers normally possess a nearly sym-
metrical range of output about zero volts. It is therefore advisable to bias the
amplifiers so that the full voltage range can be used with an input signal that
is always of one sign. A number of resistors shown in Fig. 1, but not in
Fig. 2, serve this purpose.

Two diodes at the output of amplifier I introduce a distortion into the
voltage applied to the diode network which essentially cancels the nonideal
logarithmic characteristic of the network diodes. A direct feed from the end
of the feedback resistor of amplifier I to the input of amplifier II assures that
this distortion is not applied to the linear component of the system response
(that is to signals corresponding to such small temp ‘rature rises that no
corrections are required).

The network connected betwecen amplifiers II and III has a transfer

function of the form vs. This netwerk has the form of alternate series resis-
tors and shunt capacitances (see Fig. 4) and is a variant of the standard so-
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called analog q network?, Resistor-capacitor values may be computed by a
process involving continued polynomial fractions., In practice, an algorithm
due to Routh!5 is especially useful since it is8 more suitable to machine
computation. A Fortran program for calculating the network components for
a desired frequency range is given in Appendix D. The measured response
of the network of Fig. 4 approximated a 45 function from 5 Hz to 40 kHz to
better than 10%. This frequency range is adequately large to cover a range
of test durations extending from about 2 msec to 10 msec.

Amplifier III isolates the analog network from loading effects of external
circuitry and provides a voltage gain to compensate for the insertion loss of
the networx.

A breadboard model of the complete compensated analog circuit is shown
in Fig. 5. A large fraction of the bulk of the components is seen to be assoc-
iated with the capacitors of the analog network. The operational amplifiers
are of the integrated circuit type; very compact and very inexpensive.

For conmvenience in calibrating the compensated analog network, parabolic
type waveforms were applied as simulated signals from the heat transfer gage
to the circuit to test its operation. With the function generator disabled, the
circuit produced a step output for a parabolic input signal, as is proper. With
the diode circuit activated, and with sufficiently large amplitude input signals,
the output signal, corresponding to heat flux, had the rising-step waveform as
shown in Run #2 of Appendix A. A parabolic signal, corresponding to a gage-
measured temperature rise of 1000°F in 10 msec (the maximum design
condition), was applied as a real-time signal to the compensated analog net-
work., The input signal and the circuit output signal were recorded photo-
gsraphically from an oscilloscope display. The input signal was manually
digitized into a temperature-time tabulation. These data were then converted
to heat flux by the digital computer program. Heat flux data scaled from
analog circuit output signal agreed with the computed data to within a few
percent. Although time did not permit extensive testing of the circuit using
a variety of input waveforms, the bandwidth of the circuit is sufficiently broad
that all but extremely large temperature gradients should be correctly trans-
lated into a correct heat flux.

Several observations on the compensated circuit are pertinent here.
First is the need for the diode function network to produce a smooth curve,
that is the transition of conduction from one diode to the next must be carefully
blended. Any perturbations in the function generator characteristic will
become painfully obvious after the differentiating action of the analog network
(see Appendix A, comment on Run #1). This problem was initially encountered
but it is tractable. Second is the fact that two minor modifications would be
required to the circuit of Fig. 1 to adapt it to practical use.

For proper circuit operation, the initial voltage drop across the gage
must be nulled at the input to amplifier I and the voltage input to the diode
network must bear a constant relationship to the gage temperature rise. Since
the initial gage resistence and the gage calibration constant (change in gage
resistance for a unit change in temperature) vary from gage to gage, calibrated
controls can be installed to vary gage current and the gain of amplifier I to
make these corrections. Signal-to-noise ratio at low heating rates would be
improved by a range switch., A convenient arrangement would use full-scale
output corresponding to 10, 100, or 1000 Btu/ft2sec with the diode function
generator inactivated for the lower two scales.
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SECTION VII
SUMMARY

Experimental studies were conducted to develop economically practical
methods of computing incident heat flux from thin-film resistance thermometer
measurements made at hypersonic shock tunnel conditions that include very
high heating rates and that result in nonspecific surface temperature histories
from the gage. Both digital and analog techniques that are consistent with
these requirements were developed. In both methods, compensation is made
for thermal effects on the temperature coefficient of resistance of the thin-
film element as well as on the materials properties of the substrate.

The digital program accepts quantized temperature-time data and pro-
vides a highly accurate solution for the surface heat flux history as a tabular
printout. This program was written in Fortran IV language and made oper-
ational on both the IBM 7094 and IBM 360/65 Model H systems. Since this
program also evaluates temperature and heat flux at many planes within the
substrate, it is directly useful in general studies of heat conduction in materials
of nonconstant thermal properties at nonconstant heat flux.

Design, synthesis, and evaluation of a compensated analog network was
achieved. This compact, solid-state electronic circuit operates directly, in
real time, on the electrical output signal from the thin-film resistance
thermometer to produce an electrical output signal proportional to the true
heat flux, The circuit is simple in design, stable, and easy to use. Cost and
size of the actual components is such that use of individual units in each heat
transfer gage channel (on model tests) is economically feasible.

Using the CAL analog computer facility (COMCOR), the heat flux data
corresponding to a variety input temperature-time functions was obtained.
Generally, two solutions for each case were obtained, one for constant sub-
strate properties and one with variable substrate properties, tc illustrate
the effects of these variables. In addition, these fundamental input functions
were also modified to include tunnel starting phenomena, random noise, and
sinusoidal modulation. The tests showed that measurement of the true heating
rate in the steady flow portion of a shock tunnel test may transcend the problem
of proper data reduction. Cases were illustrated where the initial transient
portion of the temperature record could seriously affect the heating rate even
at times in excess of the run duration of the typical shock tunnel because of
the very long persistence (slow decay) of the transient effects. It is recom-
mended that detailed studies be made of tunnel starting phenomena and initial
(presteady) flow conditions to establish whether these factors do indeed con-
found the heat flux measurement made in the steady flow portions of the test.
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TABLE I

A Comparison of Actual Temperature Rise and Gage-

Measured Temperature Change (Relative to 70 °F)

Measured Temperature Actual Temperature
Change, °F Change*, °F ]
0 0
29.9 30
127.8 130
223. 1 230
315.8 330
406.0 430
493.5 530
578.4 630
660.9 730
740.7 830
817.9 930
892.5 1030

TABLE II

Thermal Properties of #7740 Pyrex as a

Function of Temperature

%k
Temperature ¢ k

°F Btu °F-! -3 Btu sec”! ft~! °p-l

70 25.03 2.17x 1074
122 26. 60 2.19
212 29. 20 2. 20
392 33, 15 21202
572 36, 25 2 17
752 38. 37 2.12 .
932 40. 40 2.06 x 10"

* These values are exact (not rounded off),

**These data are taken from the following source: Shand, E. B., Glass
Engineering Handbook, McGraw-Hill, 2nd Ed., 1958.
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TABLE III

Comparison of Heat Flux Calculations with and without Corrections
for Thermal Effects on Gage Properties --

Digital Data Reduction Program

*
Surface Temperature History = & 12 4 70°F

Time, t, Heat Flux, Btu/ftzsec
sec. With Corrections
7=3.062x10° 7-4.593x10° 7=6.124x 10> 7=9,186 x 10°
. 001 210,77 322.80 439,52 687. 86
.002 214. 42 331. 35 455, 24 721.03
.003 217. 30 338.18 467, 67 743, 14
.004 219. 80 344, 06 476,97 761.54
. 005 222.07 349, 28 484,57 777.81
. 006 224.10 353, 66 491,10 792. 96
.007 226.01 357. 32 497.06 807. 28
.008 227.77 360. 74 502.56 821.14
.009 229.48 363,178 507. 83 834. 54
.010 231.08 366, 61 512. 74 847.179
Without Corrections
200.090 300. 00 400. 00 600. 00

*
The surface temperature history is taken to be that measured by the gage
(Tm of Eq. 6).

26




L1M0¥1D DOVNY ELVSNEANO0 - WIVIQ J1LVIEHIS | 2.nb1d

hieNl 3d4AL 3¥Y s3aola 11V
X6£602285N GT1IHOYIYS S¥I1I174NY 1TV

: 310N
o—
ASI-
T 3ao01a
- ¥IN3Z
08 ==
3008L1NN
wsL3
® %l 25 00|
01 390¥D
A Is
7
o
15 %1
128 101 AOE = ANIS
Is o4 1¥3H
Lsnrgy ys LMO-dITD
ZELINZ
AT
%L
38Zh
:
._
,,...TL Ll Sw% )
o—
AS |+




DR I YL wa Bai

1109419 DOWNY QILVSNIARCI-D1LVNIHIS QII1TdNIS a4nbi4

3 WHBIS
1 M
..uv

81

oz

(ae=)

{wHo 001)
300Y9

Yw QE

28




1

C

- gy T g W W ey
-]
-
[, ] =
[~

MPF103
Ik
_ TR IMPOT
» TNGTS 100K
—A

1k IN9TY  ©o°

Tk IN9IY4 oo
—-—AAA

IN9TH 13K
—W

IN914 300K

IN91Y 75K
¢ —N—

INOTY 200K
g ANAN—a

Tk

INOTH 110K

Tk INOTY  1BOK

IN9TY 200K

Tk INOTY 270K

”ﬁ'“ Eﬁf | * OPEN CIRCUIT

IN9TY
- ANNN—e

IN9TY
b ANN—4

INOTY

NETWORK NO.!

Figure 3 FIFTEEN ELEMENT DIODE FUNCTION GENERATOR

29

'y TRV W PR 5= WW R TATY T/ TR SIS TR ITW N e T ST e ey Wreeeey W e TR T e ST ere
o
)
= = =
W Ay
B N ow
g 28 25
L)
]



bQ) a
1000
00471 pf
e
2370
.00643 uf
L ll/‘
LA
3650
.01105 pf
—k
6340
01972 uf
——F
11300
.03658 pf
b}
09380 19600
. /f
—F
| ; 30900
. 1804
’ 4'L
36187
t- i}
AN
19100

NETWORK NO.2

NOTE:
ALL RESISTORS IN OHMS.

- Figure 4 LINEAR EIGHT-SECTION ANALOG NETWORK

30




Bt OB DL
L ka3

N ae g AP M
b ,ﬁfaa ' ’%‘.‘. s
i "{

5%%%3 hé@ﬁﬁﬂfggﬁgﬁﬁﬁ;r

OPERATIONAL AMPLIFIERS

-------
_________

_______
.......
---------
........

--------
""""""

-------

-------------
""""""

- m = oW
-------
......
.....
.....
.....
------
-----------
5 -
-----
..........
. W
---------
iiii
‘‘‘‘‘
-----
nnnnn

Ll
.....

FUNCTION o*.
GENERATOR =,

4 x

& 4 " - :

: ) = - e -

: 3 - &

¥ L " 1 . : :

- I

i - B

® = " - _.-.

..... I & & -|.". L
« & w @& = -

= ——— r i |l -

— ANALOG
NETWORK

-
-
- = =
- .
-

Figure 5 COMPENSATED ANALOG CIRCUIT BREADBOARD MODEL

31

N T ey RS




PRECEDING PACE BLANK--NOT FIIMED
—

APPENDIX A

b INTRODUCTION

Solutions to the nonlinear heat diffusion equation were obtained in the
COMCOR analog computer in terms of the incident heat transfer rates
corresponding to specified substrate surface temperature histories. Basically,
the primary input has been a parabolic function with lesser emphasis on ramp
and step type inputs. Perturbations to these basic functions were added to
simulate such factors as noise, gage abrasion, and tunnel starting phenomena.

Temperature excursions of the order of 1000°F were used to ascertain -
the full effects of variations in substrate properties on the computed heat flux.
These effects are quantitatively illustrated by obtaining two separate solutions
for the trial case, one with the substrate properties held constant and one with
the properties permitted to vary with temperature. This procedure has been
followed in all instances except for those unique situations where the principal
objective was to demonstrate the relative changes in heat flux resulting from
a modification in the input function. In these circumstances, it was felt that
permitting the substrate properties to vary would only add unnecessary confusion.

Smoothing of the data by an electronic filter was provided as an option
to demonstrate the efficiency of this technique when applied to various test
situations.

Both the input temperature function and the resultant heat transfer rate
were recorded by an x-y plotter on a single graph. Each record is annotated
with a tabulation of the pertinent test variables. A total of 46 trial solutions
were made. These are included in this appendix and identified as Run #1
through Run #46. The records are self-explanatory to a large degree, however,
concise observations and comments of the various salient features of each
record are given in the commentary that follows.

2. COMMENTS ON ANALOG COMPUTER RUNS>;<

Run #

Test conditions: parabolic temperature input with AT equal to
1000°F in 10 msec, initial temperature 70°F and substrate thermal
properties assumed constant. Calculated heating rate, q is

652.2 BTU/ft% sec. Recorded trace shows slight ""droop' in g
level with time as a result of the finite number (and spacing) of
substrate slabs used in programming the problem. Parabolic
input is generated by a diode function generator and represents a
composite of individual straight line segments. Scallop-effect on
q signal arises from the segmented nature of the AT curve.
Starting transient in q signal is solely attributable to the recording
instrument dynamic characteristics.

*
In all cases the temperatares used correspcnd to actual substrate values.




Test conditions: same as above with the exception that heat
transfer gage substrate thermal properties are permitted to vary
with temperature. Error in g resulting from assumption of
constant substrate properties is seen to be negative and increases
in amplitude with increasing temperature (at 10 msec q is approxi-
mately 87% of the proper value). Most rapid change in g (due to
changes in substrate ;ﬁ%perties) occurs at the early portion of

the record (for AT« t*/ ) since the rate of change of temperature
is greatest here.

Test conditions: same as #1 except that the temperature input
signal has been processed through a quadratic filter with a
corner frequency of 5KHz and a damping factor of 0.7. Effect of
the filter is relatively small and is evidenced by a rounding off of
the scallop peaks in the g trace and a small time lag in both traces
relative to both Run #1 and Run #2.

Test conditions: identical to above except that gage substrate
properties are permitted to vary with temperature. Comments
for Run #2 and Run #3 are appropriate.

Test conditions: same as #3 except for a change of filter corner
frequency to 2. 5 KHz. Filter effects are more pronounced:
"scallop' amplitude well suppressed, g trace initial rise time
still slower, time lags in temperature and q traces more obvious.
Lag caused by filtering can be detected by noting temperature
amplitude at some fixed time (see tabulation below):

time temp., °F filter
0.5 msec 297 out
0.5 msec 287 5 KHz, ¢ = 0.7
0.5 msec 275 2.5KHz, $=0.7

A second g trace was recorded with the filter damping factor
changed to 1. 0 (critical damping). Whereas the rise time** has
been considerably slowed, the time required to settle at the

ultimate steady-state amplitude is the same but without the attendant
overshoot. Consequently, for all succeeding cases employing
filtering, ¢ = 1.0,

3
A quadratic filter is charazcterized by a transfer function of the following form:
S

eo/e1 e where s is the complex frequency,
s +2¢ wy s tw

30, W is the corner frequency, and ¢ is the damping factor.

* .
Rise time, in the sense used here, refers to the time rJquired for the signal
to first attain the amplitude of the final steady level.
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10

11

12

Test conditions: same as above with substrate properties variable
with temperature. Note increase in time lag in temperature trace
(relative to Run #5) resulting from the change in the damping
factor, ¢, from 0.7 to 1.0 (at 0. 5 msec temperature is now
approximately 262°F), Except for the transient portions of the
record and the presence of time lags, q amplitudes are not
affected by the filtering employed.

Test conditions: same as Run #1 with the addition of random noise
to the temperature signal. Despite the random nature of the noise,
this particular 10 msec segment of noise could be faithfully
reproduced (in both a time and amplitude relationship). This
capability was necessitated since separate computer runs were
required to acquire first the temperature trace and then the g
trace on the x-y plotter. With the noise input reproducible, there
is a direct correspondence of the noise components on the two
traces. The high level of sensitivity of the g signal to fluctuations
in temperature is dramatically illustrated.

Test condition: same as akove with the temperature signal
processed through a 2. 5 KHz filter,

Test conditions: same as above with filter corner frequency
changed to 5 KHz. The desirability of filtering the temperature
signal is amply demonstrated by the results shown in this record
and the preceding one.

Test conditions: temperature input a 50°F step of 1 msec duration
intersecting a parabolic temperature trace having a vertex at 70°F.
This input function is designed to simulate a possible type of tunnel
starting phenomena. With a step temperature change, the corre-
sponding g varies inversely with the square root of time as shown
in the first msec of the record. The recovery of the q trace after
1 msec appears slow (despite the absence of filtering) because

the parabola is intersected at a point ( ~ 120°F) where its time
derivative is much smaller than it is at the vertex where it is
infinite. Since q is approximately related to the temperature
derivative, its rate of rise to the final level is less rapid than had
the parabolic function been intersected at the vertex. The final
value of g 1s not affected by the presence of the 1 msec duration
step (compare with Run #1), however, the time to reach steady
state is approximately 4 msec compared to a few tenths msec for
the equivalent case of Run #1.

Test conditions: same as above with the substrate properties
permitted to vary with temperature. Comments as above apply.

Test conditions: same as Run #10 with the temperature signal
processed through a 5 KHz filter. The leading edge of the step
input is now rounded and the initial peak value of g is greatly
reduced. Time for g to attain steady state level is still approxi-
mately 4 msec and unaffected by filtering.
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13

14

15

16

17

18

19

20

21

22

Run #

Test conditions: identical with above except filter corner frequency

changed to 2.5 KHz.

Test conditions: identical with above with substrate properties
permitted to vary with temperature.

Test conditions: temperature input comprises a 50°F step of
unlimited duration with a parabolic temperature function super-
imposed at 1 msec (vertex of the parabola is at 120°F). This test
is a variant of the simulated tunnel starting phenomenon explored
in Run #10. The net q in thxs case is the sum of heat fluxes from
a step temperature (q xt- 1/2 ) and a parabohc temperature
variation (q = a constant). Since the decay of q due to the step is
very slow with time, the net q at 10 msec is still ¢ é‘lslderably

in error® (672 Btu/ftzsec compared with 652 Btu/ft“sec without
the step).

Test conditions: same as above with the temperature signal
processed through a 2.5 KHz filter. Initial peak amplitudes of

the transients are effectively reduced, however, the after portions
of the traces remain unaffected (§ @ 1C msec is still ~ 672 Btu/
ftzsec).

Test conditions: identical with above except for addition of random
noise.

Test conditions: basic parabolic temperature input as in first test
(Run #1; except for the addition of sinusoidal noise (10 KHz).

Test conditions: as above with temperature input processed
through a 2.5 KHz filter.

Test conditions: identical with Run #18 except that substrate
properties are permitted to vary with temperature.

Test conditions: same as above with temperature input processed
through a 2.5 KHz filter™*,

Test conditions: temperature input consists of a 50 °F temperature
step of unlimited duration with a parabolic function superimposed
at time zero (vertex of the parabola is at 120°F). This test is a
variant of Run #15 and as in the previous case q is the sum of heat

fluxes correspouding to the step and parabolic components of the input.
Amplitude-time coordinates for Runs #15 and #22 are seen to be very

similar except for the initial portions of the record (t € 2 msec).

It is presumed that only the q associated with the parabolic compcnent of
the temperature function is sought,

ok
Starting with this run a new batch of coordinate paper was used on the x-y

plotter and had somewhat different grid dimensions from the initial batch.
Note that run duration now appears to be 9.9 msec rather than 10 msec.
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24

25

26

21

28

29

30

31

Test conditions: identical with above with input temperature
signal conditioned by 2.5 KHz filter. Except for initial transient
amplitude and time lag, q signal is the same as for above test
case.

Test conditions: 1dentical with above with the exception that the
amplitude of the step component of the input signal has been
reduced by one half to 25°F. Comparison of q traces from Run 23
and Run 24 shows that the § component resulting from the cstep
input has been reduced by one half.

Test conditions: same as above except for removal of 2.5 KHz
filter. As demonstrated by many previous test cases, the filter

is only effective in modifying the early portions of the tes: records
and is completely ineffective at later test times (presuming tran-
sients occur only at times near zero).

Test conditions: parabolic temperature input(vertex at 70°F)
with a 50°F step superimposed at 2 msec. This test simulates
the result of a particle striking a heat transfer gage and ¢ausing
a permanent change in gage resistance corresponding to a 50 °F
change in surface temperature. The slow characteristic decay in
q with time (for step temperature input) produces a sizable error
in q at 9-10 msec.

Test conditions: identical with above except that the input tempera-
ture signal is conditioned by a 2.5 KHz filter.

Test conditions: parabolic temperature input (vertex at 70°F) with
50°F steps superimposed at 2 msec and 5 msec. As in Run #26,
this test simulates gage damage by particle impact. The heat

flux components resulting from the steps are additive so that the
absolute incremental error in q is about twice as large (at 10 msec)
as for Run #26,

Test conditions: identical with above except that the temperature
signal is conditioned by a 2.5 KHz f{ilter.

Test conditions: identical with Run #28 except that the amplitude
of the step temperature change is 25°F. Since q corresponding

to a step temperature changes extremely slowly after the initial
few milliseconds, for the particular temperature record used here
the net q increment at 10 msec represents approximately equal
increments from each step. Thus, the q error increment at 10
msec (Run #30) resulting from two 25°F steps is approximately
equal to that caused by a single 50°F step (Run #26).

Test conditions: as above with the temperature input signal
conditioned by a 2.5 KHz filter.
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Run #

32 Test conditions: a 50°F step input (with origin at 70 °F) conditioned
by a 2.5 KHz filter. Addition of the filter was necessitated to
prevent the analog computer from overload (saturation) as a result
of the step input (note the change in ordinate scale for this run).

33 Test conditions: temperature input signal is a 50 °F step (origin
at 70 °F) with a parabola (30°F rise in 10 msec” ) superimposed
starting at | msec. This test is a variation of Run #15 with the
step as the dominant component rather than the parabolic tempera-
ture function. A condition is simulated wherein the starting
phenomenon overshadows the convective heating due to the steady
flow. Comparing Run #32 and Run #33 with the net q at 10 msec
is about equally divided between the two components (step and
parabola). The temperature input signal is conditioned by a 2.5
KHz filter.

34 Test conditions: identical with above except that the parabolic
component of temperature has been changed to a rise of 60° in
10 msec.

35 Test conditions: parabolic temperature input function with a
horizontal step of 0. 5 msec duration superimposed «t 2 msec.
The characteristic variation of q with t-1/2 for a constant tempera-
ture input is seen in the 2.0 to 2.5 msec interval. A rather slow
recovery of the q trace follows. This slow recovery occurs for
the same reason given in the comments for Run #10. The error
component resulting from a horizontal step is seen to be negative
and persists for the entire run although decreasing slowly
with time. The horizontal step is sometin.es observed in shock
tunnel test records. Reasons for its occurrence are not known.

36 Test conditions: identical with above except that the temperature
input is conditioned by a 2.5 KHz filter.

37 Test conditions: parabolic temperature input function with two
horizontai steps of 0.5 msec duration superimposed; one at 2
msec and the other 5 msec. It is interesting toc compare the g
traces for Run #37 with Run #29. In the latter case, the pertur-
bation in q corresponding to each of the two vertical steps in
temperature is identical whereas in the former case the gq distur-
bances corresponding to the two horizontal steps in the temperature
function are of different magnitude (although of the same general
shape). The reasons for this behavior are to be found in the
comments for Run #10. As stated therein, to a crude approxi-
mation, the q signal is dependent on the slope (time derivative)
of the temperature function. In a region of sudden temperature
change (such as a vertical or horizontal step) the changes in the

*
10 msec as measured from the origin of the parabola and not from t = 0 on
the record.
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Run #

38

29

40

41

42

43

44

45

46

T

q signal will be related to the relative changes in the slopes of the
temperature signal. In the case of Run #10, the slope of the
vertical step is infinite so that the g response is the same regard-
less of the slope of the parabola function at which the step is applied
(that is, the g response is dominated by the step disturbance). In
Run #37, the slope of the horizontal steps is zero, therefore, the
slope of the parabolic function dominates the changes in the q
signal. Since the slope of the parabola changes continuously with
time, it follows the relative time position of the horizontal step
will determine the corresponding g response. The relative effect
of a horizontal step on the g signal decreases as the time at which
the step is applied increases.

Test conditions: identical with above except that tane temperature
input function is conditioned by a 2.5 KHz filter.

Test coaditions: parabolic temperature input function with a 0. 25
msec horizontal step at 2 msec.

Test conditions: identical with above except that the temperature
input function is conditioned by a 2.5 KHz filter.

Test conditions: a linearly increasing temyperature input function
with the origin at 70° and achieving an increase of 1000°F in 10
11117Sc. For constant substrate properties, the q signal varies as
t :

Test conditions: identical with above except substrate properties
are permitted to vary with temperature. Because of the linear
rate of increase of temperature, the q error (relative to the
constant properties case above) increases continuously.

Test conditions: identical with Run #41 except that the temperature
function is conditioned by a 2.5 KHz filter,

Test conditions: identical with above except that substrate properties
are permitted to vary with temperature.

Test conditions: identical with Run #41 with random ngise
superimposed.

Test conditions: identical to above except that the temperature
input signal is conditioned by a 2.5 KHz filter.
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APPENDIX B
DIGITAL COMPUTER PROGRAM

W. D. Fryer

The fundamental equation for one-dimensional heat conduction is

aT / _i _a_r
9t pe(T) I x [*(r) Jz]

With the parameters 0 c(T) and k(T) functions of temperature, the equation is
nonlinear.

Represent the solution as T(x,t). The objective is to obtain the solution
as a function of time given the following initial conditions

T (x,0) = £(x}) = a constant, 0 < x € a
and boundary conditions

T(0,t) = T(t), a prescribed surface temperature history
T(a,t) = a constant end point.

<
We wish to obtain, T(x,t), 8 f :;c‘_o:

Introduce the variable q.

a7
q = q(x,t) = -k(T) 53 (Fortran notation QD = q)
Substituting into the diffusion equation, we obtain

°T _ I d¢g . _ o7
S - oclt) 9 (Fortran notation TP = s
The temperature T and the heat flow q are evaluated at discrete points
within the substrate as illustrated below. A total of twenty temperature planes
was used (To, Tl’ e 3 Tn where n = 19).

)

Q0S(m, /)
T Qo T, Qo) T, Qb(s) T4 -t o
— : — —t = ——t
%o ) x2 F n-1 T Zp
QMARK(1) QMARK(2) OMARK(s) QMARK(4)
xj = position of ith temperature plane T(i), i = 0,n (Fortran symbol XMARK)

Q.1 = position of i-1 heat flow plane QD(i-1) i = 0, nt]l (Fortran symbol QMARK)

Since the greatest changes in temperature occur near the surface (x~ 0),
the planes are not spaced equally. In this program the plane spacing is defined
by a cubic function.

2

3
1 z z
p(z) = 5z + =5 f =
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r~ = ——*

x, = XMARK (i) = p(i) i = L,n

Qi+l = QMARK (i +1) = p(i - 1/2) Q1 = QMARK(l) = 0
This transformation in the spatial coordinate provides a ciose spacing of the
planes near the surface.

To calculate the partial derivative with respect to x, the quantity dx/Jdz
is required.

_éﬂﬂ =5 4+ 2z + ZZ
2z
At the temperature planes

DZTT() = 1078 (5 4+2+22), 2=1, i=1, n.

§

At the heat flow planes
DZTAD() = 100 5 +2+2%), z=i-1/2, i=1,n.
A factor of 10-6 is used to obtain a proper scale factor.

In computing the transient solution it was advantageous tf use a change
in variable for the time t. This change was of the form t = T © with equal
step- of the variable 7 wused for integration. It was possible by this method
to avoid the singularity near t = 0 since the t}'me derivative is infinite at that
point for an input function of the form T = tl/e,

The substitution t = 7 (1 - e_'er ) was made with # a parameter that
may be used to control the crossover point (defined as the value of 8
that makes 87 = 1). Thus, g¢ = [;-c'm'(/-,e'r)] 9T = WF(T) I

A simple Runge-Kutta integration scheme is used to advance the tempera-
ture history for equal increments of the variable 7 . The derivatives are
computed from first order differences by the following relation.

where K is the value of k(T) evaluated at the temperature

T(I) + T(I-1)
7)

T

by the Fortran routine KF(T). This routine fits the experimental data given

in Table II for k(T) with two linear equations.
k(T) = 2.1765 x 1074 +0.111111 x 107 T (T = 400)

K(T) = 2.221x 107%-0.2973 x 1077 (T - 400) (T > 400).
For the partial derivative of temperature with respect to time,

% ot
ec(T) dx 27

a7
T
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_ -W[OD(I +1) - QD(I)] -
TPM = —TRHOC*DZTTM] 4540 e

where W is the value of 9t/ d 7_ evaluated by the Fortran function WF( 7 )
(WF=1-¢e"?"+g7e?7 = £L ). And RHOC is the value of pc(T)
evaluated at the temperature T(I) by the Fortran function RHOCF(T). The
data of Table II for o c(T) are fitted by two linear functions

RHOCF = 23.7 + 0.02452T, T £ 420
RHOCF = 34.0 + 0.01155 (T - 420), T > 420

i n

The Runge-Kutta integration routine will produce updated values of T(I),
=1, N-1. T(N) is held constant by the boundary condition while T(0) is

determined from the function TOF ( Z ) which is used to generate a parabolic
surface temperature history as a trial problem. Setting KONTRL =1, the
substrate properties are held constant at their room temperature values
(k(T) = 2.17 x 10-4 and pc(T) = 25.03). Thus the accuracy of the program
may be checked at these specific conditions since the surface heat flux will be
constant and of a value calculable exactly from Eq. (3)*. Empirical, or
arbitrary, surface temperature data may be introduced by modifying this
routine.

True time is obtained from the variable 7 by the Fortran function .
TIMEF( 7 ) which evaluates the equationt = T (1 - ke ). Heat flow at
the surface is obtained by linearly extrapolating the values at the first and
second heat flow planes. In the program this extrapolation is accomplished
in the following manner.

QDS(M, 1) = QD(1) + EXTR[QD(2) - QD(1)]

QOMARK(2)
OMARK(2) - QMARK(3)

where EXTR =

In the present status, the program will accept the following input
parameters. If no input parameter isread in, then the default values are ‘
automatically supplied.

Fortran Symbol Definition Default Value
BETA A is used in the Fortran function WF( T ) 5000
THICKN substrate or slab thickness 1/16
12

DTAU A7 is an equally spaced time interval for 5x 10-6

the Runge-Kutta integration
KONTRL equal to 1, pc and k are kept constant; 1

greater than 1, pc and k vary with

temperature
TOAMPL generates surface temperature input 10,000

= TOAMPL*t1/2 + 70 .
surface

"In the main body of the report.
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CYITLE: MAIN PROGRAM FOR HEAI-FIOW PARTIAL DIFFERFNTIAL FQUATION
c W, FRYFR 3/67

CH , -

COAMMNON NM,NMP, NMM
CNMMON TAJ,DTAU,WsB3FTA _ _ . - e
COMMON TN,T(30) ,ON{3IN),TP(30) XN XMARK(3N), NMARK (3N )
COMMNN QNS ({2N143N),TS(201,530), TIMF(2N1) {NDAY(?) -
CONMAN KNNTRY

COAMMDN NZTT(IN) ,DZ2TON{3N) T o
RFAL KF

COMMNN /LCT0O/ TNAMDL

FOMMAN/LTTNAFE/TPRTEM

NAMF| IST/ INPUYT/BFTA,THICKN,NTAU,KONTRL , TNAMPL , MMAX

G NM  RFPRESFNTS THF NUMBER NF QN PLANES . D e

ANM = 19
NMPp NM4 |
NMM = NM-]
Y N=MNM

b i ]
'
|
i
i
1
'
L
i
1

CALL DVDCHX
FALL NDATF(NAYV)
TNRg4 = N - e -

NEFAULT VALUITS ENR TNMPUT NATA
THICKN IS REAN IN FFET
RETA=60NN, N
THICKN=(1,1/14,0) /12,0
NTAl= ,G5F =5
KANTRL =1 L -
TAAMPL =1 ,NC 4%
MMAY=2N0N, :
FNND NF NEFAIN T VAILIJFS FN@ INPYT NATA

3 390

I e e I |

IPRTEM=INTTTAl PRF-RUN TFMPFRATIIRF
QFEAL TPRTEM
IPRYTFM=TNH N

hn B |

PKSTEP=NUMHER NF RUNGF-KUTTA TNTFGRATINN STFOS
INTFGFR RKSTED
RKSTFP=2NNN,

-

-
c
r SAVINT=SAVE ENR PRINT TNTFRVAL NURING R-K. TNTEGRATION
£ 140 TN 200 VALUES NE TIMF,QNS,TS,CAN BE SAVFN FNR PRINT
INTFGER SAVINT
SAVINT=1N

)

1 RFAN (S, INPUYT) - i e
C=(THICKN/ (S, X XN+XNRXD /2 N4 XNEX3/3,N) ) %], NF+6
WRITF(K,3)

3 FNRMAT(1HYY 89
WRITF (A, INPYT)

e
tMEE a0 st A —




--------------------ll--l-u-llnlllullll!lllll'

TF(KANTYRL,GT,N) 6N TN &
STNP

4 FANTINIFE
Yn = n,n
AL B '="VM
7 =7
XYMARK (T )= (K ,NRT 2N A7 %% 7%%3/3, N) %,
7 = 7-n,58
T NMARK (T41)=(5,N%740,5%7%%D47%%23/ 3 N)*x(
NMARK (1Y = 0,N
[EF(INRLG AT ,NY) AN TN ANy .
DRTINT BNAN, YN XN {YMARK(T) ,OMARK( T41),T=) NM)
ANAN FNAMAT (L HY aY 779HNP| ANF INCATINNS TN MICRNFFFT ///
¥ 10X J1IHTFMPERATYRF 13X 4HONNT // (1X F1AR,2, F17,2))
INR4 = )
tN TP a/no
ANy CONTIMYF
RN CANTINNFE

TN=1PRTEM
N 1IN T=1. NM

17 T([)=[DRTEM
AN 1R T=),NM

7 =1
NITT(T)=CHY NFEAR(K NeT 47 %%D)
7 = 7-9,8%
10 NITON(T)=CXY ,NF-4% (K N4T47%%D) 9
TAYL = NN

FALL QNGKT(Y MMM TAL DTA},T,TN)
FXTR = QMADK (2)/ (NMARK(?2}=-NMARK(3) )

Jd=n

M= A

Ny 1AN Nz ,PKSTFD
J o= Je

CALL BNGKT{ 2 ,NMM TALI,NTAL),T,TD)
275 TF{ I NF,SAVINTY AN TN 1NN
J =0
M = My
AN AN NN=? ,NMD
DNSIMGNNY = NN (NN-T)
oNn TS(MyNNY = T(NN-1}
N8 NANS(MLYY = NN(YY & FYTRR(AN(2)=-IN(11})

TCIM,1) = TN
TIMF(M) = TIMEF(TAN)RINAN,N
r
10NN CANT INYFE
=
£ FALCILATINNS FOMD) FTF,
c AENERATE nuTen Y .

1'n CANTTAMIYFE
PO TNT 120, NAY

121 FARMAT (1H1,73Y, 36HSIIRFACFE TEMDERATIRE ANN ANNAT HISTNRY, 10X, 2A4/)
WD ITE(&,120)

121 FNDMAT (3X ,AHTTIMF JOX  THT L, 11X, 4HONAT/IX,&H(MSFCY)
POTNMT 14N, (TTMELT ), TS{T 411 4QNSTT41),T=1,MMAY)

149 FORMAT (1Y, FS,2,F11,72,F11.?)

145 N TN
NN 90




CTITLE: SUBRNUTINE NAUX FOR HEAT-FLOW EQUATION, WOF 3/47

SHARRDUT INF NANY

COMMON NM, NMP , NMM

COMMNN TAL),NTANI, W,RFTA

COMMON TN, TI2N),AN(20), TP (AN), XN, XMARK[3N) ,AMARK(3N)
CAMMON ANS (211 ,3N) ,TS(201,3N), TIMF(201),DAVI(?)
COMMON KNMTODY

CNMMON DN7TYT (3N}, DZTAN(2N)

REAL K KF

TN = TAF(TAN)

TMIN = (T(1)+TN) 72,0

K = KF{TMTN)

ON(Y) = =xx(T(L)-TN)/DZTAN(])

nn In [=2,\M

TMIN =(T(IV+T(T=-1))/2,N

K = KF(TMTIN)

17 QD(T) = =K*(T(1)=-T(1-1))/NZTON(Y)
r
NN 20 [=1,NMM
RHNC = RHACE(T(T))
W = WF(TAU)
20 TOLT) = —uA(AN(T+1)-QN(T))/ (RHACENTTT(T))
-
PETIIRN
C\jn
CTITIF: FUNCTION TOF({TAlI}) = PARARNI A WNE 2/67
-

FUUNCTINN TNAE (TAN)
OFAl [PRTFM
FOMMNN NM,NMD  NMM
CAMMNON NIM NTAN W, 3FTA
FAMMON TN, T{3IN} ,NAN(IN),TP(3N) (XN, XMARK {2N) , NMARK { 3NV}
CAMMON NNSH201,30),TS(201,3N0),TIME (201} ,NAY(?)
COMMON /10 TN/ TOAMDL
COMMON/ICTNE/ZTPRTFM
TIM = TIMFF (TAI))
Y = TNAMPL #SNRT(TIM)
TAFA = (1,N=-SORT(]1,0=-5,18F=-4%X))/? ,59F~4
TNE=TNCA+TINDTEM
RETIIRN
NN
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CTITIE: FUNCTION ®E(T): CONSTANT WNF 37647
PEAL FUNFTIAN KE(T)
COMMON [AN00F(12422)
FAMMAN KN TR
IF(KONTRY ,6T.1) 60 1O 2n

KE =

,o ‘7"-“4

RETURN

0 IE(TATL4NN, 1) A0 TN an

KE = 2,17ASF=4 & N 11111 1F=T2T
RETUPN
IN KE = 9,9%21624 - Ne?20T3FE-T%(T=4"N" _N)
RETIIRAN
FNN
FYTTIF: RHNCE (rANSTANT) WNFE  1/47
FUNCTINN ounrrgT)
COMMON TAMNDF (12429
FAMMON K NMT oy
ITFILVANTR) (AT 1) AN TN 2
RHACE = 96 _n2
PETIIDN
r
2N IFIT AT ,6217,7) N TN 3n
PHACE = 22,7 &+ N, N2457%T
RETIIRM
IV PHACE = 34,0 4 NeNTIRER(T-42Nn ,n)
RET(INN
FND
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CYITLE: FUNCTINN TIMFF{TAU) WnEe 3767

n

N

1n

an

FIINCTINN TIMEF(TA)

COMMON NM, NMO, NMM

CAMMON NHM NDTA), W, RFTA

CAMMON TN, T(2N),QN(30), TP(30), XN, XMARK (30) ,AMARK (3N}
CAMMON QNS I201,3N),TSI2N1,3N), TIMF(?201),NAY(?)
ARG = RETA%XTAL

ICF(ARG I T,?2,0F=-7) /N0 TN 3N

IF(ARA,GT, 2N ,N) AN TN 4N

TIMEF = TAHX{],N-FYP(=ARG))

RFETUPN

TIMIFF = TAIkADN

PETURN

TIMFFE = TAn

RETUPN

FND

CTITIFR: FINCTTINM WFE{TAY WNF /AT

r

"N

an

FIINCTION WE[TANN)

FOMMAN NM,MMD  NMM

COAMMNAN DM NTA, W, RFTA

FOMMON TA,TE3N) ,0N{30),TPIAN) XN, XYMARK (3N) ,NMARK( 3N)
SAMMAN QNS (201,237 ,TS(271,3N0) ,TIUF(201),NAY(?)

ARG = AFTA%XTAL
TF(ARG AT ,28,N) AN TN 21
IF(APR I T,L,1 ,NF=T7) AN TN 2N
F = FXD(-AN")

WE = 1,.N~=F & FkARG
PETIIRN

WE = ].ﬁ

RETIIAN

WFE = 2,0%AR(

RPETIIPN

FND
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FIRETC QNAKT SINGLF PREAISTNAN RUNAF KUTTA {TAM 34N)
r
R L T e L L T R L T T TYT Y

e« *
ik SURRNITINF RNGKT *
C* 1 NOR? *
rx -
r« nHQNNRF * 3
L SINALF PPREFISTINN PINGF-KUTTA [INTFARATIAN (RLUYMIS MONIFTCAT- *
e TANY €N0 N (N=1 TN 1)) NIFFERFNTTAL FOJATIONS, FACH CALL *
Cc* NF PNAKT FAISFS TNTREGRATINN £NR NNF STFO, *
£ NOTF, NYMIARLF PIFCTISTIAN TS HYSEN TN TNEPEMENTING TNONCG- * ’
C* PENNFNMT VART AR F, i
re #
r* HSARF *
r CALL  ONAKT (TNTT N, Y,H,Y,V0) *
r % *
r* NESTRIDTYINN NFE DPAPAMFTFNAS *
re TMIT =) FNQ INTTYTALTZATINN, *
ra =7 END NMTFARRATE NNF STFD *
r Al NIJMAFR NF FIAST-NRNFR NIFFFRENT TALL FAIJAT I NNS *
r* Y INNFORMNFENT VARTARIF {SINAGILF PRFCYSTION) *
= H STED ST7F (STINALFE ORECTSTINN) *
e v ADRAV NF NFPENNFNT VARTARIFS (STNAIF PRECTISINY) * .
re vn ARDAY NFE NFRTVATIVES NF Y YOT X (SINALF PRFCISINN) *
r« %
r« PFMARKS *
C* HSFR MHST SHIPRLY A SHRPANTINF DAY, SHCH THAT ¢ AIL DAY * .
r* (WITHNANT FXPLICTT ARSHMENTC) CANSFS THFE VD VAL HFS TN AF *
r* CALFULATEN,  1STNA X AND VALIJES €RNM THFE vV ARODAY, P
r« *
Ik INTTTALTTATION (INTTY = 1) TS RFENHIREN AFTER 1)QFR SFTS *
e TMYITIAL VALNES NF Y ANN THF Y-AR2AY, PE-[IN[TTAL[7ATINN *
% 1€ NNAT NFFECSSARY FNAD FHANRES TN STFD §Y7|", H, *
r# o
r* CHYARAPANTINES AND FUNCTTAN SHRPRIGAAMS RFENITRFEDN *
r* ALY (SEEC PRFYIMIC RFMAOKS) *
re *
C* M T HNN *
e THE F ¥, ALHM MANTFICATINN NFE THE RUNGF-XIJTTA FN)RTH- *
r* ARNFR METHNAN TS 11ISFN, SFF *
rx IMATHEMATTICS NF ~NMOITATIANT, APRTI, 1062 PP |74-1Q7 *
re *
r* ANITHNR NATE x
r# W, FDYER *
C* CFORNFLL AFRN, | AR *
r%x NCTARER , 1044 *
rx *
= NNTE, £NNTMAG TS ANADTEN FPNM SOIJARF DARTEF *
¥ INTER2ATN2 DRAGRAMS DINTY AND NINT, * :
ok NECKS CIINNS3, rLINNSS, %
r* b
[ 2o 9= o e e e e o o e ook o v oo el ook ook e o sl e ok sl ok e ook o o e o o o o e oo ook e e o ek ok ok .
s

SURRAYTINE  RNAKT (TNTT N, /X/ H, Y, YD)
»

nEAL XoH,YI{1),YP(])
PEAL P(3N), N(3N)
nNLRL F PRFCISTNAN XN, HD 94




e
GN TN (4,8), INTY
& cALl DAUY
8 XN = X
RFETURN
r
! HN = H
NN 1N I=1,N
P(T) = HevYO(T])
Y1) = Y(1) & N, S%x0(T)
T 01y = p(1)
C |
X = XN & 0,8NN&kHN
CALL DAY
r
nn 72n l’lg"
P(T) = H=aVYD(T)
YITY = V(1) & O, 5%(P(])=-N(T))
20 QUT) = Q(T)/5K,.0
C
] CALL NAUX oL
r
nn 2 1 = ‘.'N
PIT) = HEVP () - N, 5&P(T)
YIT)Y) = Y(TY + P{])
AN (1) = QUIY - P(Y)
r
XN = YN + HN
) X = Y0
CALL PAUY
r
PN 4N T = 1,N
. PLYIY = HEVP(T) ¢ (D(1)+P (1))
4N Y(T) = Y(T) + (O(11+P(T)V/5K,N)
-
CALL DALY
C - 1 -
RETIIRN
END
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APPENDIX C

DERIVATION OF CORRECTION FUNCTIONS FOR THE
COMPENSATED ANALOG CIRCUIT

S.A.R, Ayyar .

This appendix is comprised of three sections. Part I is a summary
while Part II discusses the mathematics associated with the correction for
the nonlinear resistance-temperature function of the gage resistance element
and Part III presents the mathematics underlying the compensation for the
variation of substrate thermal properties with temperature.

I SUMMARY

As the thin-film resistance thermometer is used to measure high heat
flux, the surface temperature may be carried into the range where the thermal
coefficient of resistivity of the resistance element and the thermal conductivity
and diffusivity of the substrate material are affected. Recent research has
shown that these temperature sensitive effects can be combined mathematically
into a single correction factor and applied as an operation on the gage electri- :
cal output. This means, in practice, the gage output voltage is subjected to
electrical compensation before it is introduced as the input to a conventional
heat transfer analog network to provide a signal proportional to the true heat A
flux.

The correction factor, which is a curve with voltage output as abscissa
and transformed temperature as the ordinate, is the result of two effects.
First, we establish the relationship between voltage output and temperature
rise of the gage considering the thermal coefficient of resistivity of the resis-
tance element. This relationship for a particular gage under study takes the
following form:

8,°F =0.386x104-‘\f0.149x108-0.0771x108U—ui— (C-1)
g
6, F = temperature rise, °F °
ug = gage voltage rise
Ug = initial gage voltage
o)

The derivation of this expression is shown in Part II.

Next, we establish the relationship between temperature rise obtained
above and transformed temperature rise which takes into consideration the
thermal conductivity and diffusivity effects of the substrate material. This
relationship takes the following form:

C 144 .
-0, [ 1-(F a)ou] (c-2)

) _ SR

¢, = transformed temperature rise in °C s

6, = temperature rise in °C
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For the particular gage and substrate thermal properties provided, the
following value is obtained for the constant a:

a=-,00096/°C rise

Since we have 6, in °F from Eq. (C-1)*, the relationship (C-2) becomes

(o)
@, =6, (°F) [l +.0001882 (%) 6, (°F)] (C-3)

Here, o)
@, = transformed temperature rise in °F

6, = temperature rise in °F.

The derivation of Eq. (C-3) is shown in Part III.
II. EFFECTS OF GAGE NONLINEAR RESISTANCE VARIATION
A, Mathematics

The resistance-temperature function of the thin-film resistance
element is defined by the second degree equation. 1

= 2
RT:T—a0+bOT-c°T
- o o 2
—a1+a2(T-70)-a3(T-70) (C-4)
a, = value of gage resistance at T = 70°F.
Differentiating Eq. (C-4)
dRT
—d—T—=O+a2—2a3(T-7O) (C'S)
The constant a, is the value of gage constant k at T = 70°F, i.e.,
a, = NS S k
2 dTT=70°F T =170

Substituting i.ntQ7 Eq. (C-5) and using experimentally determined values for
the coefficients!, Eq. (C-6) is obtained.

2Q
iR_ - gi [/— 3 (T_700)-l
drnr dTr=7a‘;: Kr.70 (C-6)
ST [ / - 2.59 x /577‘-70’)]
I v 20

The temperature coefficicnt of resistance of the gage, . , may be defined as
follows.

*Eq. (C-2) was derived in the Centigrade unit to afford a direct comparison
with information given in the referenced material.
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ﬂ / dﬁ.,
) ”90 =[]

. dRe
Arer * Ry d6 Jr=r

> ) d/‘?s)
T«70*° 7= [~78
9, | 98 /1, q0%F

In Ref. 7 the temperature coefficient of resistance is shown to vary
according to the following function

Bee)=p,(1- »e) (C-7)

By integration

alJ
f (4-#78)90 = A, (9,-F 6 )
(4]

Thus Ao e
9~ "8o . - - 2:. 2
R, Ry fo(0w- 5 Ou) (C-8)
(<] o
Rearranging the terms of Eq. (C-8), we obtain
r .2 ar
Yo, -6,+ =
2 T e Ry A,
Solving for 6,
i [/ 24R
' L _
?‘ ?l ldo 7ﬁga (C_g)

Using the data given in Ref. 7, 2= 2.59 x 1074/ °F and A,=1x 1073/
°F, and substituting into Eq. (C-9)

/ / (C-10)
o, — ) 24R

- .+ -
2.59x /0 2.859x10°t)2 {  diy o™t
( Y Ry deé (2.59x1077) 1,

-]
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Notati_@

R = resistance

T = conditions at tempe.ature T

ag = gage resistance at 0°C

Rg = initial resistance of the thin film

82 = temperature coefficient of resistance of the thin film
e = temperature rise measured from its initial level
5 gage surtace temperature rise

7 = constant as defined in the equation (6)

AR = change in resistance of the thin film

u = voltage rise in the gage

U’Ego = initial voltage across the gage.

52

Practical Data

By maintaining a constant excitation current through the resistance
element of the gage, the following relation will hold

4R - H“qg
R.‘ia Uﬂo
Substituting this relation in Eq. (C-10)
Gf'F)='——’—— - /_ 2 ar s TS
w ! 2.59x107% (2.59x107%) ,_?L_(_[Ei)fz.s%clo )Uia (C-11)
9o T=710°F

Equation (C-11) is the general relationship. For circuit design purposes,

some typical data were substituted for gage parameters
dRr

g
R, = 100 0hms ) = 0.1 ohwm /°F
%o 4t /72700 /

(C-12)

ud
8, (°F) = 0.38¢ x 10% - /o.;w; 108 -0.077/ » /a’u—g
9o

III. EFFECTS OF SUBSTRATE PROPERTY VARIA TION

A. Mathematics

The derivation of the correction formula, Eq. (C-2), is taken
from Ref. 14 except for some changes of notation. The equation governing
the thermal diffusion is

d 0 d de
PC(G)'T = Z [76(6)8—9-]

(C-13)

Here,

density

specific heat

temperature rise above initial temperature
time

distance below surface of slab

thermal conductivity

< Oy
Woonononon
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We introduce ¢ as the transformed temperature
/
@ = b5 Ad6 (C-14)
2 o

Here k, is the thermal conductivity at the initial temperature. In Ref. 14, a

constant b is introduced which reflects a linear relationship between k and k.
In our case, the k variation with temperature in the range under consideration
is such as to make the relationship ¢ versus 6 almast equal (see Table II).

Proceeding as per Ref. 14, transformation of Eq. (14) is applied
to Eq. (13).

g %
J_t - K —d—';—z = 0 (C-15)

which is the form in which diffusion equation is customarily given. Equation
(C-15) is nonlinear since the diffusivity K is a function of temperature, i.e.,

K=K(¢) (C-16)
Hartunian and Varwig5 applied a perturbation technique to linearize Eq. (C-15).
Here we take (0) (1)

g=90"+¢ (C-17)

k=-=xl? g

Equation (C-17) is substituted into Eq. (C-15) and terms of like ordei collected
to provide the zeroth order equation
d¢(') () sz{a) _

Jt ~ K ggr 7O (C-18)

and the first order equation
oo wae®  «
Tt T T T T ke O¢

a) (o)
P
4 (C-19)

The heat flux q at the boundary of the semi-infinite body is given

b
4 20

dy

g = - # (C-20)

w

where the subscript w refers to the wall surface, y = 0.
The solution to the zerot order equation is

@W_ , %o | K9 . )
b =2 4 - it > (c-21)

a

The first order solution obtained by Hartunian and Varwig is based
on taking K(0) equal to the constant K,, which is the diffusivity at initial
conditions and then further taking K“Pproportional to ¢ (0), i.e.,

' (o
Wil e & K, @ ) (C-22)
With this relation, the first order solution then provides
6)_ 1 a A, 5z
% =% —Z= %4 ° (C-23)




" w1 AR =
Using Eq. (C-21)
2
(1 1r () 3
. = ™= [¢U } (C-24)

with which

()

2
gl “’)] (C-25)

L [
fT(';a.L¢w,

s

(o)
The particular solution required is that for ¢w.(°). Assuming 7—: a¢u<< !
Eq. (C-25) may be inverted without difficulty to yield a polynomial in ¢ .

(o) m
P ¢ [,_/—Z a @yt oo :] (C-26)

@, fr—;—:,a¢w]

t

Using the data on substrate properties give: in Table I, the
diffusivity was approximated by the linear function K = K, (1 + a ¢ ) with "a"
evaluated from the slope of K versus @ . Substituting the value a = -0.00096/
°C into Eq. (C-26) and converting into Fahrenheit, the desired correction

function is obtained

@, (F.. )= 6,(°F_. ) I[1+.0001882 (5/9) 6, (°F . )] (C-27)

rise

rise




APPENDIX D

COMPUTER PROGRAM FOR DEFINING COMPONENT VALUES
FOR THE ANALOG NETWORK

The program for designing the analog network having a frequency response
k Vs is written in Fortran and was run on a Quicktran terminal served by an
IBM 7044 computer. With minor modifications, it should run on any IBM
computer as well as several other machines. Input variables are written into
the program since it is not anticipated that several networks would be designed
at any one time. These variables specify the lowest frequency at which the
response of the network approximates k{ s (see Note 1) and the range of
frequency coverage, specified as the logarithm of the ratio of the highest
usable frequency to the lowest usable frequency (see Note 2). There are
eight RC sections in the network. According to Skinner?, a network of n sec-
tions should adequately cover (2n - 1) octaves, i.e., an eight section network
is useful over 15 octaves or 4. 5 decades.

Output is specified in the form of resistance (ohms) and capacitance
(farads) values of the elements of the network. In the program printout, the
first value printed is a zero™ succeeded by a one ohm terminating resistor,
followed by a shunt capacitance, a series resistor, and so on for a total of
seventeen elements. The values are scaled to suit the designer by multiplying
resistances by a convenient factor and dividing capacitances by the same
factor. A listing of the program follows:

LIST
PROGRAM POLY
DIMENSION DUP(170), AM(18)
DIMENSION AR(9, 18), ELEMENT(18)
DIMENSION A(18), D(18), P(*), Z(*)
INTEGER AO, DO, PO, ZO
WRITE (6, 92)

92 FORMAT (8X, 8HSTARTING)

AO=0
PO =1
DO =0
20 =1
NP =1
NZ =1

DO 10 J=1, 18
ELEMNT(J)=0.
DO 10 I=1,9
A(J)=0.
D(J)=0.
10 AR(I, J)=0,
A(1)=1.
D(1)=1. (1)

*
This first value has no significance and should be disregarded.

‘Lames limit (Ez).
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Pl=,003 DO 131 J=1,A0
P1=Pl%6. 28318 ... (2) I1=AO-J+1
AN 4.5 131 AR(I, 1)+D(J)
M=8 DO 132 J=1, DO
M2=2%M I=DO-J+1
RD=M2+1 132 AR(L, 2)=A(J)
DO 1 I=1, M2 91 FORMAT(8X, 218)
Al 1 130 CONTINUE
RN-AI*AN DO 20 J=3,18
R=RN/RD DO 20 I=1,8

I AM(I)=10. %*R IF(AR(1, J-1))25,25, 19
DO 2 I=1,M 19 CONTINUE
L=2%]=] AR(I, J)=AR(I+1,J-2)-AR(1, J-2)*

Z(I)=P1*AM(L)

AR(I+1,J-1)/AR(1,J-1)

20 CONTINUE
... (3) 25 CONTINUE

2 P(I)=P1*AM(L+1)
WRITE (6, 99)P

WRITE (6, 99)Z ons (4 DO 30 L=2,18
NP=M IF(AR(!, L))31, 31, 29

NZ=M 29 ELEMNT(L)=AR(l, L-1)/AR(1, L)
AO:=1 30 CONTINUE

DO=1 31 CONTINUE

I=1 WRITE (6, 90)AR C ()
DO 11l N=1, NZ 90 FORMAT(1X, 9E12. 4)

DO 110 IND=1, AO WRITE (6, 90)ELEMNT ... (8)
I=AO-IND+1 STOP

A(I+1)=A(I+1)*Z(N)+A (1) END

110 CONTINUE
A(1)=A(1)*Z(N)
AO=AO+1
111 CONTINUE
DO121 N=1, NP
| DO120 IND=1, DO
I=DO-IND+1
D(I+1)=D(I+1)*P(N)+D(I)
120 CONTINUE
' D(1)=D(1)*P(N)
DO=DO+1
121 CONTINUE
WRITE (6, 99)A ... (5)
WRITE (6, 99)D ... (6)
99 FORMAT(1X, 9E12. 4)

Logarithmic range

Poles

Zeros

Polynomial (generated from zeros)
Polynomial (generated from poles)

Array for calculating with Routh's algorithm (Ref. 15)

X 3 O Ut oW

Element values
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